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Abstract— This paper presents an efficient kinematical solution to a multi-robot system with serial and parallel mechanisms. JL-I is a reconfigurable robot featuring active spherical
joints formed by serial and parallel mechanisms endowing the
robotic system with the ability of changing shapes in three
dimensions. The active joint here can combine the advantages
of the high rigidity of a parallel mechanism and the extended
workspace of a serial mechanism. However, the kinematic
analysis of the serial and parallel mechanism is always the
bottleneck in designing a robot and control realization. In order
to deal with this problem, the whole kinematical analysis is
organized in the sequence from the direct mechanical analysis
related to the serial and parallel mechanism over the numerical
solutions to the simplified kinematics expression. The latest
results obtained demonstrate that the deduced closure-form
solution is time efficient and easy to implement while offering
a satisfactory motion performance in on-site experiments.

I. I NTRODUCTION
Mobile robots have the ability to move around in their
environment and are not fixed to one physical location.
Currently, mobile robots are the focus of a great deal of
research and almost every major university has one or
more labs that focus on mobile robotic topics. The modular
approach makes the mobile robotic system versatile, robust,
cost-effective and fast to prototype. The robots can adopt
different configurations to match various tasks and suit
complex environments [1], [2].
This paper presents the reconfigurable mobile robot JLI which currently comprises three identical modules (see
Fig. 1). Actually, it is a general mobile platform and can be
extended for various applications [3], [4]. Each single robotic
unit in the JL-I system has reasonable locomotion ability.
With the docking mechanisms, the units can connect to form
a train-configuration which possesses a higher adaptability
to rugged terrains. After docking, an equivalent spherical
joints is relized via serial and parallel mechanism to enable
the adjacent modules to adopt configurations by pitching,
yawing, and rotating movements. However, the kinematic
analysis of the serial and parallel mechanism is always
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the bottleneck in designing a robot and its control realization. This paper emphasizes the locomotion capabilities
and reconfiguration realization. The remainder of the paper
is organized as follows. In Section II, a brief overview
of the application of the parallel and serial mechanism is
presented. Section III is devoted to an efficient locomotion
supported by a comprehensive workspace and kinematics
analysis. Obtained experimental results are further illustrated
in Section IV. Finally, Section V concludes the paper with
an outline of future work.
II. A PPLICATIONS OF S ERIAL AND PARALLEL
M ECHANISMS IN ROBOTICS
The serial mechanism has been adopted by mobile robots
due to the extended workspace of the mechanism. Since
the mechanical structure is always simple and direct, the
movement control is easy to realize. In some cases, we call
the traditional serial mechanism an open-loop mechanism.
However, the advantages are offset by the low rigidity and
the limited capability of payload. In order to realize a strong
and powerful actuating joint only with serial mechanism, the
whole mechanical design will be rather big and heavy.
With the development of mechanical technology, a parallel
mechanism (PM) provides an alternative solution for mobile
robots due to the higher positioning accuracy, higher control
rigidity, and good dynamic behavior [5]. Note that the parallel mechanism is used firstly to realize robotic manipulators
[6]. A generalized parallel manipulator is a closed-loop kine-
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The concept design of JL-I robot.

matic chain mechanism whose end-effector is linked to the
base by several independent kinematic chains. In many cases,
the parallel mechanism owns several legs or limbs, each of
them comprises of different kinds of joints in series, such
as universal and prismatic joints. The Stewart mechanism
as a well-known parallel design owns six limbs and six
degrees of freedom [7]. As a result, it needs six actuators in
total. The Stewart mechanism has been proposed for different
robotic applications. Recently, many researchers have paid
a lot of attention on researching the translational parallel
manipulators and mechanisms due to only three degrees of
freedom and outputs translational motion without changing
its orientation [8]. Meanwhile, many alternative mechanical
structures with less number of limbs have been proposed
worldwide to overcome the shortcomings associated with sixlimb platforms, such as tripod [10].
There have been many research achievements in the design
of manipulators [11] [12]. However, parallel mechanisms can
only work in a very limited workspace even it is rather
sophisticated. It is inevitable that the hybrid manipulator will
be the possible idea that could integrate the advantages of
both the parallel mechanism and serial mechanism. Some
interesting prototypes are presented with the time. A hybrid
(parallel serial) manipulator consisting of two serially connected parallel mechanisms is presented in [13], which gives
its closed-form solution for the direct and inverse position
problems. The other hybrid manipulator in [14] is with a
base and two platforms in series.
Recently, there has been an increasing interest using
parallel mechanism for designing mobile robots [15]. A
reconfigurable parallel mobile robot which can be configured
to 4R and 5R closed kinematical chains is proposed in [16].
The robot can form three-dimensional structures and reach
a certain height. However these advantages are gained at
the expense of a reduced workspace, difficult mechanical
design and more complex kinematics and control algorithms
[17]. As a result, researchers are beginning to combine the
classical serial structure with parallel mechanism approach
for the mobile robots’ design too. The hybrid approach can
overcome the limited workspace of the parallel mechanism
and can provide features of both the serial and parallel
mechanism. Currently, a lot of similar research can be found
worldwide.
The JL-I robot presented in this paper owns three uniform
units. One module is about 43 cm long, 25 cm wide and
15 cm high, and constitutes an entire robot system that can
perform distributed activities [18]. The mechanical structure
of the module comprises two powered tracks, a serial mechanism, a parallel mechanism and a docking mechanism. JLI features serial and parallel mechanisms to form a 3-DOF
active spherical joint. By controlling the active joints and the
docking mechanisms, the robot can change its shape in three
dimensions. The serial mechanism can rotate 360∘ around the
Z axis. The parallel mechanism can pitch around the Y axis
and yaw according to the X axis.
Although some related work focusing on mechanical design, and control realization [19] on the JL robotic system

has been presented previously, many important issues related
to serial and parallel mechanism kinematics and inverse kinematics which particularly distinguishes the JL system from
other similar robotic platforms have not been thoroughly
investigated as yet. The following sections will elaborate on
these issues.
III. A NALYTICAL S OLUTION
L OCOMOTION

TO

E FFICIENT

A. The DOF of the Active Joint
It is noted that the calculations involved in performing
a desired manipulation (forward kinematics) with a parallel
mechanism are usually harder and have more than one unique
solution. To achieve this reconfiguring capability, some related issues on the kinematics analysis of two connected
modules will be briefly reviewed. Fig. 2 demonstrates the
kinematics model of the joint between two modules. The
required orientation for the reference frame 𝑂′ 𝑋 ′ 𝑌 ′ 𝑍 ′ on the
back module is implemented by a rotation of 𝜃𝑧 , a pitching
angle 𝜃𝑦 and a yawing angle 𝜃𝑥 according to the relative axes.
Actually the pitching and yawing motions are implemented
by the outstretching and returning movement of the 𝐿1 , 𝐿2
of the parallel mechanism, and the rotation of 𝜃𝑧 is actuated
by the serial mechanism. The freedom of the reconfiguring
movement is three and can be represented by a generalized
coordinate 𝜃, (1). The joint variants of the movement are
defined as 𝑞, (2).
𝜃 = [𝜃𝑥 , 𝜃𝑦 , 𝜃𝑧 ]𝑇

(1)

𝑞 = [𝐿1 , 𝐿2 , 𝜃𝑧 ]𝑇

(2)

As can be observed from Fig. 2, after docking, the JL
system has eight joints as a whole. Three Hooker joints are
at points O, A, and B; two linear movement joints are at
links AC and BD; one rotating joint is along the axis 𝑍1 𝑍2
and two spherical joints are at C and D. According to the
mechanical principle, the DOF can be calculated as follows:
𝑚 = 6(𝑛 − 𝑔 − 1) +

𝑔
∑

𝑓𝑖 = 3

(3)

𝑖=1

where 𝑚 stands for the DOF; 𝑛 denotes the movable links
of the active joint; 𝑔 indicates the total number of the joints;
and 𝑓𝑖 is the DOF of the relative joints. The details of the
DOF analysis can be found in [20].
As mentioned above, the angle 𝜃𝑧 is required to have
a 360∘ rotation around the 𝑍 axis. Note that 𝜃𝑧 is an
independent DOF actuated by the serial mechanism and
it normally occurs after the pitching movement or yawing
movement in practice. So we only need to focus on the
workspace of 𝜃𝑥 and 𝜃𝑦 since both pitching and yawing
movements are dependent on the extending or contacting
cooperation of 𝐿1 and 𝐿2 in the parallel mechanism.
In practice, the maximum positions should be calculated
considering the mechanical constraints and collision avoidance. The pitching and yawing workspaces are obtained,
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The kinematics mode of the active spherical joint.
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details can be found in [20]. The restricted workspace for
avoiding collision is shown in (4).
𝜃𝑥 ∈ [−32.0∘ , −8.0∘ ] ∪ [+8.0∘ , +32.0∘]
𝜃𝑦 ∈ [−50.0∘, −24.0∘] ∪ [+24.0∘ , +50.0∘]

(4)
L2 (mm)

{

To further simplify the mechanical structure, we can design the workspace of 𝜃𝑥 , 𝜃𝑦 to be the same, e.g., both within
−50 − 50∘ , which not only reduces the implementation cost
but also slightly increases redundancy for practical operation.
B. Direct and Inverse Kinematics Analysis
The relationship between 𝑞 and 𝜃 was deduced in our
previous paper [1] and is shown in (5) and (6), which will
be useful for calculating the value of 𝑞 from the known
generalized coordinate 𝜃 in motion control.
𝐿1 2 = [𝐾(cos 𝜃𝑦 cos 𝜃𝑧 + sin 𝜃𝑥 sin 𝜃𝑦 sin 𝜃𝑧 )
− 𝐾(− sin 𝜃𝑧 cos 𝜃𝑦 + sin 𝜃𝑥 sin 𝜃𝑦 cos 𝜃𝑧 )
+ 𝐿 cos 𝜃𝑥 sin 𝜃𝑦 − 𝐾 cos 𝜃𝑧 − 𝐾 sin 𝜃𝑧 ]2
+ [𝐾(cos 𝜃𝑥 sin 𝜃𝑧 ) − 𝐾(cos 𝜃𝑥 cos 𝜃𝑧 )
− 𝐿 sin 𝜃𝑥 − 𝐾 sin 𝜃𝑧 + 𝐾 cos 𝜃𝑧 ]2
+ [𝐾(− sin 𝜃𝑦 cos 𝜃𝑧 + sin 𝜃𝑥 cos 𝜃𝑦 sin 𝜃𝑧 )
− 𝐾(sin 𝜃𝑦 sin 𝜃𝑧 + sin 𝜃𝑥 cos 𝜃𝑦 cos 𝜃𝑧 )
+ 𝐿 cos 𝜃𝑥 cos 𝜃𝑦 ]2

(5)

𝐿2 2 = [𝐾(cos 𝜃𝑦 cos 𝜃𝑧 + sin 𝜃𝑥 sin 𝜃𝑦 sin 𝜃𝑧 )
+ 𝐾(− sin 𝜃𝑧 cos 𝜃𝑦 + sin 𝜃𝑥 sin 𝜃𝑦 cos 𝜃𝑧 )
+ 𝐿 cos 𝜃𝑥 sin 𝜃𝑦 − 𝐾 cos 𝜃𝑧 + 𝐾 sin 𝜃𝑧 ]2
+ [𝐾(cos 𝜃𝑥 sin 𝜃𝑧 ) + 𝐾(cos 𝜃𝑥 cos 𝜃𝑧 )
− 𝐿 sin 𝜃𝑥 − 𝐾 sin 𝜃𝑧 − 𝐾 cos 𝜃𝑧 ]2
+ [𝐾(− sin 𝜃𝑦 cos 𝜃𝑧 + sin 𝜃𝑥 cos 𝜃𝑦 sin 𝜃𝑧 )
+ 𝐾(sin 𝜃𝑦 sin 𝜃𝑧 + sin 𝜃𝑥 cos 𝜃𝑦 cos 𝜃𝑧 )
+ 𝐿 cos 𝜃𝑥 cos 𝜃𝑦 ]2

(6)

x

(! )

y
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Fig. 3. The 3D plots of 𝐿1 and 𝐿2 according to 𝜃𝑥 and 𝜃𝑦 satisfying
the constraints of (4). The green parts show the 3D plots of 𝐿1 and 𝐿2
according to 𝜃𝑥 and 𝜃𝑦 within 180∘ .

as illustrated in Fig. 3 too. Furthermore, to achieve 90−180∘
recovery movements in a smooth and successful manner, 𝜃𝑥
and 𝜃𝑦 can only be actuated within the four disperse zones
in blue, which well correlates with the conclusion from (4).
In order to get a direct kinematics expression, for implementing the serial and parallel mechanism, an equivalent
form derived from (5) and (6) when 𝜃𝑧 is zero, is described
as:

However, the direct relationship or kinematics is still
unclear. Normally a direct kinematics solution is hard to find
because of multiple possible solutions due to the characteristics of extension movements of the parallel mechanism.
A numerical method instead is used to resolve the problem
so that the required workspaces of joint movements can be
plotted in green as shown in Fig. 3.
The practical workspace of 𝐿1 and 𝐿2 should be within the
surfaces marked 𝐸1 𝐹1 𝐺1 𝐻1 and 𝐸2 𝐹2 𝐺2 𝐻2 , respectively,

⎧
2
2
⎨ 𝑑1 = ∥𝐿1 ∥ − ∥𝐿2 ∥ =
2
2
𝑑 = ∥𝐿1 ∥ + ∥𝐿2 ∥ =
⎩ 2

4𝐾 sin𝜃𝑥 (𝐾 sin𝜃𝑥 − 𝐿)
8𝐾 2 + 2𝐿2 − 4𝐾𝐿 sin𝜃𝑦 cos 𝜃𝑥
−4𝐾 2 cos 𝜃𝑦 − 4𝐾 2 cos 𝜃𝑥
(7)

where ∥.∥ indicates the Frobenius norm and 𝑑1 and
𝑑2 represent respectively yaw and pitch movements. From
the viewpoint of control, an expression of 𝜃𝑥 and 𝜃𝑦 in
the functions of 𝐿1 and 𝐿2 has to be provided. However
equation (7) does not have a form-closure solution. The
Jacobian matrix 𝐽 of this system is (8) so that a numerical
solution is yielded using the Levenberg-Marquardt algorithm.
Therefore, the transformation between 𝑞 and 𝜃 is solved so
far.
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Fig. 4. The 3D plots of 𝐿1 and 𝐿2 according to 𝜃𝑥 and 𝜃𝑦 within −50 −
50∘ .

𝐽=
=

[

[

𝑑(𝑑1 )
𝑑𝜃𝑥
𝑑(𝑑2 )
𝑑𝜃𝑥

4𝐾𝑐𝜃𝑥 (𝐾𝑠𝜃𝑦 − 𝐿)
4𝐾𝐿𝑠𝜃𝑥 𝑠𝜃𝑦 + 4𝐾 2 𝑠𝜃𝑥

𝑑(𝑑1 )
𝑑𝜃𝑦
𝑑(𝑑2 )
𝑑𝜃𝑦

]

4𝐾 2 𝑠𝜃𝑥 𝑐𝜃𝑦
−4𝐾𝐿𝑐𝜃𝑥𝑐𝜃𝑦 + 4𝐾 2 𝑠𝜃𝑦

]

(8)
A numerical method is often better to realize real-time
kinematics. Fig. 4 provides an “actuation surface” which tells
us all possible positions of 𝐿1 and 𝐿2 and the corresponding
spatial angles 𝜃𝑥 and 𝜃𝑦 .
For the convenience of control implementation, an expression of 𝐿1 and 𝐿2 , and the corresponding spatial angles
𝜃𝑥 and 𝜃𝑦 has to be further provided. We remark that
according to Fig. 4, it is complicated and time-consuming
to calculate the outputs of the serial and parallel mechanism
in order to actuate the module to an expected reconfiguration
since a minimization problem is needed. In practice an
approximation to a plane is possible to obtain a closure-form
solution.
Since a planar relation is needed, it is possible to write it

Fig. 5.

The 3D plots of 𝜃𝑥 and 𝜃𝑦 within −50 − 50∘ based on (9).

as (9). The parameter vector [𝑎 𝑐 𝑏 𝑑 𝑒 𝑓 ]𝑇 can be computed
using (10).
(
) (
) (
)(
)
𝜃𝑥
𝑎
𝑏 𝑐
𝐿1
=
+
(9)
𝜃𝑦
𝑑
𝑒 𝑓
𝐿2
𝑝 = 𝐿+
𝑎𝑙𝑙 𝜃𝑎𝑙𝑙 + 𝑁 (𝐿𝑎𝑙𝑙 )𝜉

(10)

where 𝜃𝑎𝑙𝑙 = [𝜃𝑥 𝜃𝑦 ]𝑇 is the whole set of 𝜃 computed
with the Levenberg-Marquardt algorithm; 𝐿𝑎𝑙𝑙 = [𝐿𝑥 𝐿𝑦 ]𝑇
is the whole set of the joint’s lengths in the form 𝐿𝑥 =
[1 𝐿1 𝐿2 0 0 0]𝑇 and 𝐿𝑦 = [0 0 0 1 𝐿1 𝐿2 ]𝑇 ; 𝐿+
𝑎𝑙𝑙 is the
pseudo inverse of 𝐿𝑎𝑙𝑙 ; 𝑁 (.) represents the null space; 𝜉 is
a generic vector that lies in the null space of 𝐿𝑎𝑙𝑙 . Fig. 5
shows the difference between the computed 𝜃 and the planar
approximation. Once 𝑝 shown in (11) is computed out, 𝜃 can
be expressed directly according to (9).
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D ISCUSSION

A. On-site Tests

0
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The 3D plots of 𝐿1 and 𝐿2 according to 𝜃𝑥 and 𝜃𝑦 from (12).

In Fig. 5, the errors committed using the planar simplification are shown. The maximum error is around 3∘ for 𝜃𝑥
and 𝜃𝑦 , and the average errors are about 0.5∘ for 𝜃𝑥 and 0.6∘
for 𝜃𝑦 . Evidently, the results are acceptable.
So far, the direct kinematics has been attained. Thus
it offers an easy and quick solution for practical robotic
design and control. In contrast, it is very simple to deduce
an inverse kinematics expression (12) of the serial and
parallel mechanism based on (9) when 𝑝′ is [−0.9777 −
0.0036 − 0.1390 − 37.0358 − 0.1390 − 0.1354]𝑇 . The
similar actuating plots of 𝐿1 and 𝐿2 according to 𝜃𝑥 and 𝜃𝑦
are easily calculated from (12), as shown in Fig. 6.
(
) ( ′ ) ( ′
)(
)
𝑎
𝑏 𝑐′
𝜃𝑥
𝐿1
=
+
(12)
𝐿2
𝑑′
𝑒′ 𝑓 ′
𝜃𝑦
Up to now, a simplified efficient direct and inverse kinematics solution to the docking and posture-adjusting mechanical parts is given. The whole work is organized in the
sequence from the direct mechanical analysis related to the
serial and parallel mechanism over the numerical solutions
to the simplified kinematics expression.

The research group has recently set up relevant robots and
carried out successful on-site experiments with the mobile
robot, confirming the principles described above and the
robot’s ability. Fig. 7 shows the system working alone and
collectively in different environments. The working flexibility of the single robot is totally dependent on the mechanical
design of the tracks and the motor’s actuation, as shown in
Fig. 7(a). While JL-I in the docked state is more robustly
adaptable to rugged terrain than a single robot. The system
can climb up high steps which are too difficult for one unit
to deal with (Fig. 7(b)).
As mentioned previously, it is possible for JL-I to implement a recovering movement by adopting the proper configuration sequence on rugged terrain. Fig. 8 shows a series of
actions of a 90∘ self-recovery performed outdoors. Firstly JLI lay on the ground laterally. After a series of reconfigurable
actions including pitching, yawing and rotating movements,
JL-I could recover itself to a normal state again.
B. Discussion
During the experiment, the system was actuated successfully. On the one hand, from the control viewpoint the
reconfiguration can be expected according to kinematics.
Based on the amount of outputs of the joints, the locomotion
implementation will be anticipated immediately in the world
coordinate. More importantly, the simplified kinematics expression reduces the computation time and improves the
working efficiency, thus making online runtime locomotion
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Fig. 8.

Snapshots of the 90∘ self-recovery.

and reconfiguration possible. As a result, the onboard control
system of JL-I can be designed relatively simple and cheap.
According to the related analysis, the combination of
parallel and serial mechanism could be designed compactly.
First, the actuation working space of reconfiguration could
be minimized, and then the mechanical structure of the parallel mechanism could be designed lightweight and smaller.
Meanwhile, the efficiency of the online computing is maximized since all effective actuating solutions are in certain
separated limited spaces. All related experiments confirmed
the above analysis.
V. C ONCLUSION
This paper proposes a novel reconfigurable robot named
JL-I featuring active spherical joints formed by serial and
parallel mechanisms that endow the robot with the capability of changing shapes in three dimensions. The related
kinematics issues are presented systematically. In practice,
a direct kinematics expression and not only a numerical
result is achieved. A simplified kinematics offers an easy
and quick solution so that the movements can be assessed
according to the joints’ driving outputs. The analyzed results
are essential for system design and even the implementation
of the controlling mechanism for the robot.
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