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Jacobian of a Manipulator

Jacobian - Jacobian of a Manipulator Introduction to Robotics
Definition

» A Jacobian-matrix is a multidimensional representation of
partial derivatives.

» The Jacobian of a manipulator links the joint velocities with
the cartesian velocity of the TCP.

» The Jacobian matrix depends on the current state of the robot
joints.
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Jacobian of a Manipulator (cont.)

» Consider an n-link manipulator with joint variables g1, g2, ..qn.

> Define q= [q17 q2, --Qn]T
» Let the transformation from base to end-effector frame be:

RY(q) o(q)
T:[ Oq 1"] (52)

> We define w9 to be the angular velocity of the end-effector

» The linear velocity of the end-effector is v°

» The Jacobian matrix consists of two components, that solve
the following equations:

v =J,4 and w2 =g
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Jacobian of a Manipulator (cont.)

The manipulator Jacobian

=[]

We define the body velocity of the endeffector:

_TdX_
Tdy
T

d )

]:: Tdi §=Jg

T5y

T(Sz
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Angular Velocity Jacobian

Revolute joints

If the it joint is revolute, the axis of rotation is given by z_1.

Let w,’::%,- represent the angular velocity of the link i w.r.t. the
frame j — 1.

: i-1 -1
Then, we have: Wi_1,i = 4iZj_4

Prismatic joints

If the i joint is prismatic, the motion of frame i relative to frame
i — 1 is a translation.

Then, we have: w;:%i =0
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Angular Velocity Jacobian (cont.)

Overall angular velocity:

Wg,n = W8,1 + R?W%,z +.t Rr?—lng,n (53)
We get:
Wo n = PLG1ZS + P2G2RYZE + . 4 ppGaRO_1zp=1  (54)
= p1G12) + P2G22; + ...+ PaGnz) 1 (55)
where:

0 if i is prismatic
pi = { (56)

1 ifiis revolute
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Angular Velocity Jacobian (cont.)

The complete Jacobian
J .

The Angular Velocity Jacobian

Jw =[Pz P2z - pazp_i (58)

v

(Hint: J,, is a 3xn matrix; due to matrix multiplication rules the
representation is equal to those on the last slide.)
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Linear Velocity Jacobian

0

The linear velocity of the end effector is: o,

By the chain rule of differentiation:

. 500 500 500
LY, —¢ L¥e 59
R R (59)

therefore the linear part of the Jacobian is:

0 0 0
o do, do, do, (60)
0g1 Oqo 0qn
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Linear Velocity Jacobian — Prismatic

Every prismatic joint influences the velocity of the endeffector
depending on:

> the current linear velocity of the joint (dj)

» the current orientation of the z-axis of the joint (z;_1)

» depending on q

02 = C.j,'Z,',]_ (61)
Therefore:
500
J, =2 =z_ 62
= 5q, 1 (62)
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Linear Velocity Jacobian — Revolute

Every revolute joint influences the velocity of the end-effector
depending on:
» the current angular velocity of the joint (g;)
» the current orientation of the z-axis of the joint (z;_1)
» the current vector from the joint origin o;_1 to the end-effector
> the two latter depending on g

The linear velocity of the end-effector is of form:

wXr
with w=¢gz_1 and r=00— o?_l
Therefore:
0] ST
Jv = g =2zi1x (0, —0j_1) (63)
n
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Computing the final Jacobian

Jv

b=y J, J,] with (64)
Zi1 if i is prismatic

JVi = 0 0 - (65)
zi_1 X (0, — 0;_1) ifiis revolute

and Jw=1[Iwm Jw, Jw,] with (66)

Ju = 0 |f| ?s prismatic (67)

zi—1 if iis revolute
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Computing the final Jacobian (cont.)

Target
Compute z; and o;.

> z; is equal to the first three elements of the 3rd column of
matrix 0 T;

» 0; is equal to the first three elements of the 4th column of
matrix 9 T;

OT; has to be computed for every joint.
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Jacobian of a Manipulator - DOF

Consider a Manipulator with 6 DOFs:
Te = A1A2A3AL A5 A

the Jacobian is:

Tod] rday]
Ts dy dqo
TG dZ _ J dq3
Te 5)( — J6X6 dq4
Te dy dqgs

L Te 52 i _dq6_

x =Ja) 4

In case of a 6-DOF manipulator, we get a 6 x 6 matrix.

J. Zhang, L. Einig 192 /550



Inverse Jacobian

Jacobian - Singular Configurations Introduction to Robotics

joint
q | values
joint 4 x TCP
| — > :
velocity velocity

Question

Is the Jacobian invertible?

If it is, then: q=JY(q)x

= to move the the end-effector of the robot in Cartesian Space
with a certain velocity.
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Singular Configurations

For most manipulators there exist values of q where the Jacobian
gets singular.

Singularity J

det J = 0 = J is not invertible

Such configurations are called singularities of the manipulator.
Two Main types of Singularities:

» Workspace boundary singularities

» Workspace internal singularities
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Singular Configurations — Workarounds

Jacobian - Singular Configurations Introduction to Robotics

» generally only for 6-DOF manipulators the Jacobian is invertible
» there are workarounds for other types of manipulators

n < 6 manually restrict the DOF of the end-effector
= square Jacobian matrix.

Example:
TﬁdX _ J dq].
Tsdy — J2x2 dq2
for a 2-joint planar manipulator
n > 6 use the pseudoinverse of J

At = (AT - A)71. AT linear independent colums (68)
At = AT . (AT . A)7!, linear independent rows (69)
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