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Differential motion

Differential motion with homogeneous transformations Introduction to Robotics

Pend
Ap(t) = p(t + At) — p(t)
= H(t + At)py — H(t)po
= (H(t + At) — H(t))po
= (AH(t))po

Pstart

p(to + At)
p(to) = po
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Differential motion (cont.)

Differential motion with homogeneous transformations Introduction to Robotics

H is a 4 x 4 homogeneous transformation from world-frame to
object-frame and p; is given with reference to the world-frame.

Hence it is:
b0 = Jim, “3, )
S0P (31)
= (Fk20) e (32)
= (Fh0) plo (33)
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Derivative of a homogeneous transformation

Differential motion with homogeneous transformations Introduction to Robotics

Consider the homogeneous transformation H

hi1 hi2 hiz his
H— ho1 hay haz  hoa
hs1 h32 h3z hag

0 0 0 1

where each element is a function of a variable t:

Ohy  Ohyp  Oms  Ohu

dH = | .ot at at at | dr
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Differential translation and rotation — World-frame

Differential motion with homogeneous transformations - Differential translation and rotation Introduction to Robotics

Case 1 The differential translation and rotation are executed with
reference to a fixed coordinate frame.

H+ dH = Transdx,d%dzRotk,dg H (34)

Transgy gy .d-: is a differential translation dz, dy, dz with reference
to the fixed coordinate frame.

Roty 4¢: is a differential rotation df around an arbitrary vector k
with reference to the fixed coordinate frame.

dH is calculated as follows:

dH = (Transdx,d%dzRothdg — /) H (35)
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Differential translation and rotation — Object-frame

Differential motion with homogeneous transformations - Differential translation and rotation Introduction to Robotics

Case 2 The differential translation and rotation are executed with
reference to a current object coordinate frame:

H + dH =H Transdx,dy,dzROtk,dG (36)

Transgy gy .d-: is a differential translation dz, dy, dz with reference
to the current object coordinate frame.

Roty 4¢: is a differential rotation df around an arbitrary vector k
with reference to the current object coordinate frame.

dH is calculated as follows:

dH=H (Transdx,d%dzRothg = /) (37)
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Differential homogeneous transformation

Definition

A = Transqy dy,d-Roti g9 — |

Thus (35) can be written as
dH=A-H
and (37) can be written as:

dH=H- A

J. Zhang, L. Einig 169 /550



Differential homogeneous transformation (cont.)

Differential motion with homogeneous transformations - Differential homogeneous transformation Introduction to Robotics

The translation by d is defined as:

Transg =

O O O ==
O O = O
o= O O
oo

where d is a differential vector that represents the differential
change 2
- =
de i + dy J + d; k
e
i, j, k are three unit vectors coinciding with x, y, z).

(
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Differential homogeneous transformation (cont.)

Differential motion with homogeneous transformations - Differential homogeneous transformation Introduction to Robotics

The transformation of the rotatlon with @ around an arbitrary
_)
vector k=k,i + kyj + k, k is defined as:

keke VO + CO  kyk VO — k, SO kok VO + k, SO 0
keky VO + kSO kyk VO +CO  kyk, VO — kSO 0O
kekz VO — k,SO  kyk, VO + keSO kk,VO+CO 0O
0 0 0 1

(38)

ROtk’e =

where Cl = cosf, SO =sin6
and V6 = versine§ = 2sin’(4) = 1 — cos 6.

see R. Paul, Robot Manipulators: Mathematics, Programming, and Control: the

Computer Control of Robot Manipulators. Artificial Intelligence Series, MIT
Press, 1981, section 1.12 "General Rotation Transformation"

J. Zhang, L. Einig 171 / 550



Differential homogeneous transformation (cont.)

Differential motion with homogeneous transformations - Differential homogeneous transformation Introduction to Robotics
With:

lim sinf — d6
6—0

lim cos — 1
6—0

lim vers§ — 0
0—0
(38) can be written as:
1 —kd0  k,do 0
k.do 1 —kedd 0O
Rotko = | ) do ko 1 0 (39)
0 0 0 1
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Differential homogeneous transformation (cont.)

Differential motion with homogeneous transformations - Differential homogeneous transformation Introduction to Robotics

100 d 1 —kdd kdo 0] 1 0 0 O
A_ |01 0d| |k 1 —kdo o 0100
1001 d| |-kdd kdo 1 0l |00 10
000 1 0 0 o 1] [0oo0 01
(40)

0 —kdd kdo d,

Clkdd 0 —kdd d,
= kdo kdo 0 d, (i

0 0 0 0
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Differential rotation around the x,y,z axes

Differential motion with homogeneous transformations - Differential rotation around the x,y,z axes Introduction to Robotics

1 0 0 0
10 Cy =Sy 0
Rev=1lo sy cy of 2
0 0 0 1
. : [CoO 0 SO 0O
Rotation matrices for rota- 0 1 0 0
tions around x, y and z axis Ry ¢ = S0 0 CO 0O (43)
| 0 0 0 1
[Co —S¢p 0 0
Sp Cp 0 0
Reo=10 o 10 *¥
0 0 01
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Differential rotation around the x,y,z axes (cont.)

Differential motion with homogeneous transformations - Differential rotation around the x,y,z axes

Introduction to Robotics

Considering the differential -

change: 10 0 0
ge 0 1 -6, 0
Res, = (45)
sinf — 66 and 0 ox 1 0
cosf) — 1. 0 0 1}
1 0 4, O
0 1 0 O
R,s = 46
4 — % 01210 (46)
| 0 0 0 1}
L VATA5, 2020
6, 1 00
Reo=10 o 10/ 9
0| %0/ IO, W
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Differential rotation around the x,y,z axes (cont.)

Differential motion with homogeneous transformations - Differential rotation around the x,y,z axes Introduction to Robotics

Omitting terms of the 2nd order, one gets:

1 -0, 0, O

J, 1 -6, 0
ReaRvaReac=\ 5 5 1 o (48)

0 0 1

Through comparison of (39) with (48) one determines:

kedf = 6 (49)
k,do =6, (50)
k,dO = 6, (51)
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Differential rotation around the x,y,z axes (cont.)

Differential motion with homogeneous transformations - Differential rotation around the x,y,z axes

Introduction to Robotics

Equation (41) can be rewritten as:

0 -4, 6, dx

y
|9 0 —dx d,
A= —d,  Ox 0 d,
0 0 0 0
Definition of differential transformation
A is therefore fully defined by the vectors d and 4. J
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