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Forward kinematics

» Movement depiction of mechanical systems

v

Here, only position is addressed

v

Translate a series of joint parameter to cartesian position
Depiction of the mechanical system as fixed body chain
» Serial robots

v

v

Types of joints

> rotational joints
> prismatic joints
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Mitsubishi PA10-6C




Kinematics

» Transformation regulation, which describes the relation
between joint coordinates of a robot q and the environment
coordinates of the endeffector x

» Solely determined by the geometry of the robot

» Base frame
» Relation of frames to one another
— Formation of a recursive chain

» Joint coordinates:
~_ | 0 : rotational joint
9=\ d: : translation joint

Purpose

Absolute determination of the position of the endeffector (TCP) in
the cartesian coordinate system
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Kinematic equations

» Manipulator is considered as set of links connected by joints

» In each link, a coordinate frame is defined

» A homogeneous matrix i—1p; depicts the relative translation
and rotation between two consecutive joints

» Joint transition
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Kinematic equations (cont.)

For a manipulator consisting of six joints:
» OA;: depicts position and orientation of the first link

» LA, position/orientation of the 2nd link with respect to link 1

» SAg: depicts position and orientation of the 6th link in regard
to link 5

The resulting product is defined as:

To = %A1 A2 2A3 3 A4 *As P Ag
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Kinematic description

» Calculation of Tg = [[7_; A; A; short for "~ A;
» Tg defines, how n joint transitions describe 6 cartesian DOF
» Definition of one coordinate system (CS) per segment i
» generally arbitrary definition
» Determination of one transformation A; per segment j = 1..n

> generally 6 parameters (3 rotational + 3 translational) required
» different sets of parameters and transformation orders possible

Denavit-Hartenberg (DH) convention

Solution J
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Right-Handed Coordinate System

Kinematic Equations Introduction to Robotics
+:
+X z Y
|
+y - +X - +z L
}\\ / ‘\\ / K\ i
+Z +y +X
Configuration 1 Configuration 2 Configuration 3
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Mitsubishi PA10-7C

Kinematic Equations Introduction to Robotics
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Tool Center Point (TCP) description

Using a vector p, the TCP position is depicted.

Three unit vectors:

» 3: (approach vector),
» 3: (orientation vector),
» 7: (normal vector)

specify the orientation of the TCP.
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Tool Center Point (TCP) description (cont.)

Kinematic Equations Introduction to Robotics
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Denavit-Hartenberg convention
» first published by Denavit and Hartenberg in 1955

» established principle
» determination of a transformation matrix A; using four

parameter
» joint length, joint twist, joint offset and joint angle
(ai. aj, d;, 9:’)

» complex transformation matrix A; results from four atomic
transformations

Transformation order
Classic:

A= RZi—l(‘gl') : Tzi—l(di) : TXi(ai) : RXi(ai) — C5;

Modified:

Ai = Rq_i(@ic1) - Ti_y(ai-1) - R7(0i) - Tio(di) — CSi

i
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Classic Parameters

Kinematic Equations - Denavit-Hartenberg convention

Introduction to Robotics
Joint i+1

Joint i-1

I ai
‘I

Link i-1

Transformation order

A= Rzifl(ei) : Tzifl(d') . TX(




Axis i+l

Transformation order

A,' = RX.?1 (a,-_l) . TX.il(a;_l) o RZ,(H,-) 0 TX,.(O',') — CS,

i i
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DH-Parameters and -Preconditions (classic)

Kinematic Equations - Denavit-Hartenberg convention Introduction to Robotics

Idea: Determination of the transformation matrix A; using four
joint parameters (a;, «j, d;, 0;) and two preconditions

DH1 x; is perpendicular to z;_1

DH> x; intersects z;_1

\a] J
\/:
| Nl x
:\ ZZ;,\{ X1
5 ar 9
d, |
| 2
0 Yo
,,,,0,0 /[
Xo "~ 61
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Definition of joint coordinate systems (classic)

Introduction to Robotics

Kinematic Equations - Denavit-Hartenberg convention

Gelenk 3
a / Xz
X3 p r'\&z2
Ys Yo
u .
P * Zs
ES) Gelenk 1
5 X4

» CSp is the stationary origin at the base of the manipulator
> axis zj_1 is set along the axis of motion of the i*" joint

> axis x; is parallel to the common normal of z;_; and z;
(xi || (zi-1 % z)).
» axis y; concludes a right-handed coordinate system
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Frame transformation for two links (classic)

Creation of the relation between frame i and frame (i — 1) through
the following rotations and translations:

» Rotate around z;_; by angle 6;
» Translate along zj_1 by d;

» Translate along Xx; by a;

» Rotate around Xx; by angle «;

Using the product of four homogeneous transformations, which
transform the coordinate frame i — 1 into the coordinate frame i,
the matrix A; can be calculated as follows:

Ai = Z 1(9) TZ 1( )'TXi(ai)'RXi(ai)_)CSi
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Frame transformation for two links (classic) (cont.)

C@,‘ —50; 00 0 aj 1 0 0 0

A — 59, C0, 0 0 0 0 0 CO[,’ —SOZ,' 0
! 0 0 1 0 d; 0] |0 Sa; Ca; O
0 0 01 1 110 O 0 1

CH,' —SH;CCY,' 59,’50[,’ a,-C0,-
59; CG/COé,' —CG;SCK,' 8;59;
0 SO&,’ COé,' d,'
0 0 0 1
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Background of DH-convention

» using DHy x3 -z =0

0= 0X1 OZO (2)
0= (0A1X1)T - 20 (3)
ni rn2 ns| |1 " 1o
- 1 o I3 0 0 (4)
r3s1 2 3| |0 1
0
=[m1 r1 r |0 (5)
1

= 31 (6)

ni n2 nas
= |1 2 mn3
0 rp rs3
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Background of DH-convention (cont.)

» with "~1R; being orthogonal and orthonormal

2 2
i+ =1 (7)
2 2
rp;+r;z=1 (8)
(r11, 1) = (cosf,sin#) and cosf rpo rns
(r32, r33) = (sin o, COS Oé) = sinf o 3
fulfill the constraint; 0 sina  cosa

> rio, N3, 2 and rp3 can complete the rotational matrix

cos@; —sinf;cosa;  sind;sinaq;
= sinf; cosf;cosca; — cosb;sina;
0 sin o COS (vj
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Background of DH-convention (cont.)

Kinematic Equations - Denavit-Hartenberg convention Introduction to Robotics

» with DH, and DHy:
the positional vector dy from Oy to O; may be represented as a

linear combination of vectors z5 and x;
Odd =dz+a OA1X1

=d|0| +a 'R
_1_
0] cost
=d |0| 4+ a | sinf
_1_ 0
a cosf
= | asinf
d
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Background of DH-convention (cont.)

» homogeneous transformation A; fulfills DH, and DH;

A,‘ = RZ(H,) . Tz(d,) . TX(a,-) . Rx(a,-)
-cose, — sin 0; 0 0 1 0 O 0 1 0 0 g 1 0 0 0
— |[sin®; cos 0; 0 o0 0o 1 o0 0 0o 1 0 O 0 cosaj —sina; O
- 0 0 1 0o|/]o o 1 d|fo o 1 o0 0 singa; cos aj 0
| © 0 o0 1ffo o o 1|]o o o 1]]o 0 0 1
cosf; —sinfjcosa; sinf;sinca;  ajcosb;
~ |sin#; cosficosa; —cosBisina; ajsind;
0 sin o COS & d;
0 0 0 1
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Partial order of transformation

Kinematic Equations - Denavit-Hartenberg convention

Introduction to Robotics

Calculation of homogeneous transformation matrix A; from the
partial transformations R,(0;), T,(d;), Tx(a;) and Ry(«;) o
> .trans.ition CSp to CS; using local axes \ z,P , .
» invariances S . -

» T, invariant to Ry (Tx Ry = R Ty) J
» T,invariantto R, (T R, =R, T,) ! “ oy
ol ”
Xo x40
» order of transformations ’
» rotation around z; after rotation around xp violates DH,
» thus, possible rotation orders which do not violate DH, and DHy:
Ai = Ryn(ar) - T (ar) - Ty (dh) - Ry (61) (9)
= RZO(HI') . TZo(di) : Txl(ai) A RXl(ai) (10)

(9) is a possible valid transformation order
(10) is the standard transformation order
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Definition of joint coordinate systems: Exceptions

Kinematic Equations - Denavit-Hartenberg convention Introduction to Robotics

Beware

The Denavit-Hartenberg convention is not unambiguous!

i
. V
> z;_4 is parallel to z S |

> arbitrary shortest normal N 2N lf X1

» usually d; = 0 is chosen = 10y
> Zz;_1 intersects z; d |
1
» usually a; = 0 such that e,v/‘\ Yoy
CS lies in the intersection point -*--1-----> O

Yo
» orientation of CS, ambigous, as no joint n+ 1 exists
» X, must be a normal to z,_1
» usually z, chosen to point in the direction of the approach vector
3 of the tcp
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Parameters for description of two arbitrary links

Kinematic Equations - Parameters for describing two arbitrary links Introduction to Robotics

Two parameters for the description of the link structure i
jointi+1

(7) e
joint i 1

» a;: shortest distance between Qr) o
the z;_q1-axis and the z;-axis

link i+1
link i-1

» «;: rotation angle around the
xj-axis, which aligns the
zj_1-axis to the z;-axis

a; and «; are constant values due
to construction
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Parameters for describing two arbitrary links (cont.)

Kinematic Equations - Parameters for describing two arbitrary links Introduction to Robotics

Two for relative distance and angle of adjacent links

» d;: distance origin O;_1 of J(F_%+1
the (i-1)st CS to intersection joint i 1)

of z;_i-axis with x;-axis

» 6;: joint angle around
z;_1-axis to align x;_1-
parallel to x;-axis into
Xi—1, Yi—1-plane

0; and d; are variable
> rotational: 6; variable, d; fixed
» translational: d; variable, 6; fixed
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Example DH-Parameter of a single joint

Kinematic Equations - Example DH-Parameter of a single joint Introduction to Robotics

Determination of DH-Parameter (0, d, a, ) for calculation of joint
transformation: A; = R,(01) T2(d1) Tx(a1)Rx(1)
joint angle rotate by #; around zy, such that xq is parallel to x;

cosf; —sinf; 0 O i
sinf; cosf; 0 O X ‘
RZ(Q]_) _ O 1 O 1 1 0 Gelenk 1
0 0 01

for the shown joint configuration 6; = 0°

J. Zhang, L. Einig 87 /550



Example DH-Parameter of a single joint (cont.)

Kinematic Equations - Example DH-Parameter of a single joint Introduction to Robotics

joint offset translate by di along zg until the intersection of z; and

X1
a5
100 0 {
010 0
()= 15 o 1 d
000 1
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Example DH-Parameter of a single joint (cont.)

Kinematic Equations - Example DH-Parameter of a single joint Introduction to Robotics

joint length translate by a; along x; such that the origins of both
CS are congruent

10021
0100
Ta)=15 g 1 ¢
000 1
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Example DH-Parameter of a single joint (cont.)

Kinematic Equations - Example DH-Parameter of a single joint Introduction to Robotics

joint twist rotate zg by oy around xi, such that zy lines up with z

1 0 0 0 A
R |0 cos(a1) —sin(a1) O .
x(@1) 710 sin(eq) cos(az) 0
0 0 0 1
for the shown joint configuration, a; = —90° due

to construction

J. Zhang, L. Einig 90 / 550



Example DH-Parameter of a single joint (cont.)

Kinematic Equations - Example DH-Parameter of a single joint Introduction to Robotics

> total transformation of CSp to CS; (general case)
0A; = R,(61) - T,(dh) - Tx(a1) - Re(av1)

cosy —sinficoscy  sinfisina;  ajcosfy

| sinfy  cosBicosa;  —cosbysinoy  a;sinfy
- 0 sinag cosoy dq
0 0 0 1
> rotary case: variable 0; and fixed d;, a; und (a3 = —90°)
OAl = Rz(é?l) . Tz(dl) . Tx(al) f RX(—QOO)
cosy 0 —sinfy ajcosby
__|sin6y 0O cosfy  aisinf
o 0 -1 0 di
0 0 0 1
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Procedure for predefined structure

» Fixed origin: CSp is the fixed frame at the base of the
manipulator

» Determination of axes and consecutive numbering from 1 to n
» Positioning O; on rotation- or shear-axis i,
z; points aways from z;_;
» Determination of normal between the axes; setting x; (in
direction to the normal)

» Determination of y; (right-hand system)
» Read off Denavit-Hartenberg parameter

» Calculation of overall transformation

J. Zhang, L. Einig



Example DH-Parameter for Quickshot

Kinematic Equations - Example DH-Parameter for a manipulator Introduction to Robotics

» Definition of CS corresponding to DH convention

» Determination of DH-Parameter

Joint 3

Joint 1
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Example Transformation matrix Tg

Kinematic Equations - Example DH-Parameter for a manipulator Introduction to Robotics

Te = A1-Ax-As- Ag

cos#h 0 —sinf; 20cosb: cosfr —sinf 0 160cosbs]
sin 01 0 cos 1 20sin 6, sinf, cosf, 0 160sin6,
0 -1 0 100 0 0 1 0
0 0 0 1 0 0 0 1 ]
cosf3 0 sinf3 0 cosfy, —sinfy 0 0]
sinfs 0 —cosf; O sinfy cosfy 0 O
0 1 0 28 0 0 1 250
0 0 0 1 0 0 0 157
cos 61 cos 04(cos 02 cos O3 — sin 02 sin 03) — sin 01 sin 64
| sin 01 cos 04(sin B2 cos B3 + cos B2 sin 03) + cosb sin 4
o — c0s 04(sin 2 cos B3 + cos B, sin 63)
0 0 0 1
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Example featuring PUMA 560

Kinematic Equations - Example featuring PUMA 560 Introduction to Robotics

In order to transfer the manipulator-endpoint into the base
coordinate system, Tg is calculated as follows:

To = A1ArA3 A4 As Ag

Z: Transformation manipulator base — reference coordinate system
E: Manipulator endpoint — TCP (“tool center point")

X: The position and orientation of the TCP in relation of the reference
coordinate system

X =Z2ZT¢E

The following applies as well:

Te = Z 'XE1
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Example featuring PUMA 560 (cont.)

Kinematic Equations - Example featuring PUMA 560 Introduction to Robotics
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Link Transformations

Kinematic Equations - Example featuring PUMA 560 Introduction to Robotics

= T,

Coh —S6; 0 0
o, _ [S01 CB 00
0O 0 10
0 0 01
Ch —S6, 0 0
. 0 /0
—S0, —Ch 0 0
0 0_)[i0] &
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Link Transformations (cont.)

Kinematic Equations - Example featuring PUMA 560 Introduction to Robotics

C93 —593 0 an
2y, _ |S0s C03 0 0
0 0 1 ds
0 0 0 1
C94 —594 0 as
sp,_ | O 0 1 d
-S56, —Cl, 0 O
0 0 0 1
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Link Transformations (cont.)

Kinematic Equations - Example featuring PUMA 560 Introduction to Robotics

Chs —S0s 0 O
sr,_| O 0 -10
—Ss —Cls 0 O

0 0 0 1

Ch —S06 0 O

s, | O 0 10
—S6 —Cls 0 0

0 0 01
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The solution using the example of PUMA 560

Kinematic Equations - Example featuring PUMA 560 Introduction to Robotics

Sum-of-Angle formula

Gz = (3 — 583,
53 = (55 + 5CG3

Ny Ox ax Px

TO _ TO Tl T2 T3 T4 T5 _ ny, oy ay Ppy
6 17273747576 n, o, a, ps»
0O 0 0 1
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The solution using the example of PUMA 560 (cont.)

Kinematic Equations - Example featuring PUMA 560 Introduction to Robotics

ne = G[C3(CaCs Co — SaSs) — 52355 Cs] — S51(SaCsCo + CaSe)
n, = S1[Cos(CaCs Co — SaSo) — 2355 Cs] + Ci(SaGs Co + CaSs)
n, = —S5x3[CCsCs — 54S6] — C23S55Co

Ox, 0y, 0, =

ax, 3y, 37 = ...
px = Gila2 G + a3Coz — daSa3] — d351
py = Si[ax G + a3 Cos — daSo3] + d3 G
Pz = —a353 — a5 — da (3
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Mitsubishi PA10-7C

Kinematic Equations - Example featuring Mitsubishi PA10-7C Introduction to Robotics

Wrist

Axis No. 6

_ <
ey

4 NG

Bxis No.4 N

Un/Down Pivot) £, (+)

C =7

Axis No. 3
(Arm Rotation) S (+)

Axis No.? \
fhen Us/Dogn Pivot| 85 (+)

\

\
Axis No. !

(hr /
n Left R\uM\N(ia}Ln 1
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