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IK Review

» Workspace

» reachable workspace
» dexterous workspace

» closed solutions:

» algebraic solution
» geometrical solution

The closed solution exists if specific constraints (sufficient constraints) for the arm
geometry are satisfied:
If 3 sequent axes intersect in a given point

or if 3 sequent axes are parallel to each other

» numerical solutions
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Example featuring PUMA 560

- Introduction to Robotics
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Exercise

= Introduction to Robotics

Assume we have derived the forward kinematics as:

GGz —GSxs S G(Gh+h)

o7, — 51C3 =553 -G Si(Gh+h)
523 C23 0 Sob
0 0 0 1

And we know:
ni n2 n3 pPx
0 r1 2 3 p
T3 = Y
31 132 133 pz
0 0 0 1

Question: How to solve the inverse kinematics?
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Exercise

Introduction to Robotics

GGs -GS S G(Gh+h) ni n2 n3 Px
07, — $51C3 —5153 —CG Si(Gh+h)| |1 2 r3 py,

So3 3 0 Sob o |m1 o2 m3op;

0 0 0 1 0 0 0 1
51 = n3 (18)
C1 = —n3 (19)

Using the two-argument arctangent to solve for 61,

01 =
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Exercise

Gi(Ghb + L) = px (20)
51(C2/2 + /1) = py (21)
52/2 = Pz (22)

solve 65 from (20 - 22),




Exercise

523 = 131 (23)
Coz = 132 (24)

solve 63 from (20 - 22),

S. Li, J. Zhang 187 /552



Instantaneous Kinematics Introduction to Robotics

Introduction

Spatial Description and Transformations
Forward Kinematics

Robot Description

Inverse Kinematics for Manipulators

Instantaneous Kinematics
Velocity of rigid body
Velocity Propagation between Links
Jacobian of a Manipulator
Singular Configurations

Trajectory Generation 1
Trajectory Generation 2
Dynamics

Robot Control

S. Li, J. Zhang 188 /552



Outline (cont.)
Task-Level planning and Motion planning

Task-Level planning and Motion planning
Architectures of Sensor-based Intelligent Systems
Summary

Conclusion and Outlook
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Differential motion

» Forward kinematics: 8 — x
» Inverse kinematics: x — 6
» instantaneous kinematics: 0 4+ 660 — x + dx
» Relationship d6 < dx
0« x
Joint velocities <+ end-effector velocities

» Linear velocity

» Angular velocity
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Linear velocity

AP(t) . P(t+At) - P(t)
A
V, _— P)= i = | 2
P ( )= Mo TAr T A, At (25)
Pend

» P is a time-varying position vector w.r.t. {A}.

» AVp is the linear velocity of the point P in space
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Linear velocity (cont.)

Representing A Vp in another frame {B}, then we get

B(AVp) = (£(P)) = < (BRA("P)) = PRa % (AP) = PRa- AV,

Note, as “Rp remains invariant during the motion.

Notation

» if P is the origin of a frame {C}, which is moving, we typically use v. =Y V¢ to
denote the linear velocity of the origin of {c} w.r.t. the reference frame {U}

A

» v means the linear velocity of the origin of {C} w.r.t. {U} expressed in {A}
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Angular velocity

Instantaneous Kinematics - Velocity of rigid body

Introduction to Robotics

Angular velocity describes rotational motion of a frame.
Notation

» AQp denotes the angular velocity of {B} w.r.t. {A}
» we =Y Q¢ denotes the angular velocity of {c} w.r.t. {U}

10, B}

- the direction of Qg indicates the instantaneous
axis of rotation

- the magnitude of Qg indicates the speed of
rotation
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Linear velocity of rigid body

Instantaneous Kinematics - Velocity of rigid body Introduction to Robotics

A}
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Linear velocity of rigid body

Assume that there is only a linear motion of {B} w.r.t. {A}
Ap=4pPg +4Rg-BP
Differentiating the above equation (B}
A A d a B
Vp = V3+f( Rg - P)
dt
d
A A B
="V Re—(°P
5+ Re . (°P)
= AVB —l—ARB . BVP

Note, as ARg remains invariant during the mo- /

tion.

APB

S. Li, J. Zhang 195 /552



Angular velocity of rigid body

Instantaneous Kinematics - Velocity of rigid body Introduction to Robotics

Assume that:

1. No linear velocity of {B} w.r.t. {A}

2. There is a rotational velocity of {B} w.r.t.
{A}, ARg is time-varying.

3. Point P is fixed in {B} ™~ B W

5p
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Angular velocity of rigid body (cont.)

Instantaneous Kinematics - Velocity of rigid body Introduction to Robotics

AQB AVP

A}
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Angular velocity of rigid body (cont.)

Instantaneous Kinematics - Velocity of rigid body Introduction to Robotics

AQB AVP

A}
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Angular velocity of rigid body

Instantaneous Kinematics - Velocity of rigid body Introduction to Robotics

AVp is proportional to:
- 14|
- |APsin ||
and
- AV 1AQg
- AVpLAP

AVP = AQB X AP
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Cross Product Operator

ax by

5

a=|ay|,b=|b| —c=axb=c=2ab
az b,

ax = a: a skew-symmetric matrix
vectors =—> matrices

0 -a; a by
c=ab=| a, 0 —ax| |by
—a, ax 0 b,
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Cross Product Operator

QX APX
A = |Q,|,*P=|"P,
QZ APZ
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Simultaneous linear and angular motion

Assume that:
1. No linear velocity of {B} w.r.t. {A}
2. There is a rotational velocity of {B} w.r.t. {A}, BRy4 is time-varying.

3. PointPis fixed-in-{B]

AVP :AQB X AP
4 Bvp

AVP = ARBBVP + AQB x AP
= ARBBVP +AQB X ARBBP
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Simultaneous linear and angular motion

Assume that:

2. There is a rotational velocity of {B} w.r.t. {A}, BR, is time-varying.

3. Point-Quis-fixed-in-{B]

AVP = ARBBVP -+ AQB X ARBBP
U AVe

AVP = AVB + ARBBVP -+ AQB X ARBBP
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Velocity of rigid body

» Linear motion
AVp =AVg +2ReBVp
» Rotational motion
AVp = ARgPVp + 405 x “Re"P
» General

AVP = AVB +ARBBVP + AQB X ARBBP
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Velocity propagation

Instantaneous Kinematics - Velocity Propagation between Links Introduction to Robotics

Motion of the links of a manipulator.
» v: linear velocity

» w : angular velocity
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Angular velocity propagation

For a revolute joint 7, the angular velocity

i1 T Zi-1
=lwi_1 of the link i is:

0,7 4 M

» 0; is a scalar, the velocity of the joint i
0
> ’Z;_l =10

1 Joint 4 {i-1}

Joint 5 41 {i}

» scalar multiplication
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Angular velocity propagation

Instantaneous Kinematics - Velocity Propagation between Links Introduction to Robotics

Angular velocity 1w, of the link i + 1 is influ-
enced by:

~Lwi_1 of the link i

» the angular velocity /
» if joint i + 1 is a revolute joint, the joint

velocity along the z-axis Z; of the link

Joint 5 41 {i}

=i =""Ywi_1 +7IR0i 1 Z;
Joint g {i-1}

wi="Ri_1wis1 4+ 0i41'Z;
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Linear velocity propagation

For a prismatic joint /, the linear velocity =1y, 4

of the link i is:

Zi-1

di'Z; 4 N

» d; is a scalar, the velocity of the link i
0
> iZ,'_l =10

1 Joint § {i-1}

Joint 5 41 {i}

» scalar multiplication
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Linear velocity propagation

Instantaneous Kinematics - Velocity Propagation between Links Introduction to Robotics

Linear velocity "~1v; of the link i+1 is influenced
by:

. Lo Zie1
» the linear velocity ' '

Lv;_1 of the joint i

» if joint i is a revolute joint, the linear N
velocity of the origin of frame {i + 1}

» if joint i + 1 is a prismatic joint, the joint
velocity along the z-axis Z; of the joint

Joint ; 41 {i}

i— i i . . : Joint g {i-1
Py, ==ty 7w x TP 4 di 1 Z; N/

i ="Ri_1(Tlvica 4+ T wisi x TIP) + diyd ' Z;
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Velocity propagation summary

Instantaneous Kinematics - Velocity Propagation between Links

Introduction to Robotics

» Prismatic joint
i ="Ri_1(Tlvice + T lwis x TIP) 4+ diyd ' Z;
iy = IR i1,
Wi = Rj—1" "Wj-1

Zi-1
» Revolute joint

i =Ri—1(Thvicy + Tlwisg x TLRY)

Joint 41 {i}

iwi ="Ri—1 w1 +0i41'Z;

Joint ¢ {i-1}

Ov, R, 0 v,

S. Li, J. Zhang
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Instantaneous Kinematics - Velocity Propagation between Links Introduction to Robotics

Given the 2dof planar robot, find the velocity of the origin of {2} w.r.t. {2} and {0}.

0 _ 0
wo = y V0

w1 =

Vi
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Example

Instantan




Velocity propagation

How to simplify the calculation of end-effector velocity?

Joint velocities < End-effector velocities
(2

Jacobian
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Jacobian of a manipulator

Instantaneous Kinematics - Jacobian of a Manipulator Introduction to Robotics

In the field of robotics, we generally use Jacobians to relate joint velocities to Cartesian
velocities of the end-effecter.

x1 fi(q)
o=l 2 = |2 @
Xm fn(q)

» x is the Cartesian location of the end-effector
» m is number of degree of freedom in the Cartesian space

» Define ¢ = [q1, 92, ..9] ", G1, G2, ..q, are joint variables of an n-link manipulator
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Jacobian of a manipulator (cont.)

Instantaneous Kinematics - Jacobian of a Manipulator Introduction to Robotics

By the chain rule of differentiation:

oxg = 7—6q1 + ... + 0qn
qn
Ofm, Ofm
0Xm = —0q1 + ... + —0q,
aql 7 aqn 9
of of
dq1 7 0Ogn
ox=1|1: . i |-dq (27)
Oy O

g 8_qn

J

0
OX(mx1) = Jmxm0Qq(nx1) Where J;(q) = %fi(Q) (28)
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Jacobian of a manipulator (cont.)

IX(mx1) = Jmxn)Oq(nx1)

).((mxl) = J(mx n) Q(nx 1)

» A Jacobian-matrix is a multidimensional representation of partial derivatives.

» If we divide both sides with the differential time element, we can think of the
Jacobian as mapping velocities in q to those in x.

> Jacobians are time-varying linear transformations.
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Jacobian of a manipulator (cont.)

» O, to be the angular velocity of the end effector
» Ov, is the linear velocity of the end effector

» The Jacobian matrix consists of two components, that solve the following
equations:

Ov, =9%4,4 and Owp=9J,q

1= ¥ foee] =[] @)

The manipulator Jacobian
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Angular velocity Jacobian

Instantaneous Kinematics - Jacobian of a Manipulator Introduction to Robotics

Angular velocity '~tw; is:

i1 i1 i1pg i
wi="wji-1+ " "Ribi+1'Z

We get:

%, = p1G1°Z0 + p2G2°Ri* 21 + .. + PGn’ Ro1" 1 Z0 1
= p1G1°Z0 4+ p2G2°Z1 + ... + PnGnZn1

where:

i =

0 ?f J:oint | ?s prismatic (30)
1 if joint i is revolute
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Angular velocity Jacobian (cont.)

The Angular Velocity Jacobian

Jw =2 p°Z1 ... pZ,1] (31)

(Hint: J,, is a 3xn matrix.)

S. Li, J. Zhang 219 /552



Linear velocity Jacobian

X
The linear velocity of the end effector is: %v, =0 x, = |y
z
By the chain rule of differentiation:
9%, 2°x, 9%x,
0.. n . n . n .
Xp=F—q+ + .+
therefore the linear part of the Jacobian is:
_ 9%, 9%, Ax,
JV o 8q1 8(72 8(],, (32)
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Computing the final Jacobian

Two approaches:
1. derive v,w for each link until the end-effector

2. use the explicit form
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Computing the final Jacobian

> get 0y,

0 0p. ]
0T = I;N F1>N : Ox — 0%, — 9y,

> get 0,

Jw=1[p"2Z p°Z1 .. pn’Zy]

» Ox; is equal to the first three elements of the 4th column of matrix ° T;
» 07 is equal to the first three elements of the 3rd column of matrix °T;

OT; has to be computed for every joint.

S. Li, J. Zhang 222 /552



Instantaneous Kinematics - Jacobian of a Manipulator Introduction to Robotics

0
sz = 0R22W2 = |. 0 .
b1 + 62
—/151_91 — /2512(_0.1 + 92)
OV2 = OR22V2 = I1C]_91 + I2C12(01 + 02)
0

Give the 9J Jacobian matrix.
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Instantaneous Kinematics - Jacobian of a Manipulator Introduction to Robotics

For a 3-DOF robot, given the following transformation matrices, find the Jacobian °J.

cg —-s1 0 O o —S 0 0 c3 —s3 0 e 1 0 0 f
o |1 a 0 Ol ;- |0 0 -1 0| - |ss e 0 0 5. |0 1 0 0
=19 o 1 n| 2= s o 0 0 ST=19 o0 1 0" ™=10o 0 1 ol

0 0 o0 1 0 o0 0 1 0 0 0 1 0 0 0 1

where h, e, f are the length of the 15t,2"dand3’d link, respectively.

13 —C153 S ecic + faios

0T, = 51023 —S103 —C1  esicr + fs1603
$23 23 0 h + esy + fsp3
0 0 0 1
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Instantaneous Kinematics - Jacobian of a Manipulator Introduction to Robotics

Calculate 77,975,973, 07,:

Gl —S1 0 0 C1C —S5C1 S1 0
OT |51 1 0 0 OT _oTlT _|s1¢2 —Ss182 —G 0
"1lo o0 1 A "2 12 s o 0 h
0 0 01 0 0 0 1
—S8p53C1 + €C1C2C3 —SpC1C3 — S3C1C2 S1 €C1C
0 042 —S515253 + 51C2C3  —S51S52C3 — S5153C2  —C1  €51C2
T3="TyT3=
$C3 + 362 —5253 + ¢ C3 0 es,+h
0 0 0 1
C1c3 —C1$23  S1 ecc + feics
07, = |S1€3 —S1@3 —a (e + fs1co3
523 C23 0  h+esp+fsy
0 0 0 1
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Instantaneous Kinematics - Jacobian of a Manipulator Introduction to Robotics

-—e$1C2 — f51C23 —€eCc152 — f61523 —fC1$23-
ec1c + fC1C23 —€S515) — f51523 —f51523
OJ _ Jy _ 0 ecy + fC23 fC23
JW 0 S1 51
0 —C1 —C1
I 1 0 0 |
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Changing a Jacobian's frame of reference

Given a Jacobian written in frame {B},
an _ BJV .
By, | = |BJ, q
A 6 x 1 Cartesian velocity vector given in {B} is described relative to {A} by the

transformation
A ol A Rs 0 B Vi
Aval T 1 0 ARg| |Bw,

AV A B
L alf

Hence, we can get
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Inverse Jacobian

Instantaneous Kinematics - Singular Configurations Introduction to Robotics

joint
q | values
joint q x TCP
| — - |

velocity velocity
Question
Is the Jacobian invertible?
If it is, then: q=J"1(q)x

= to move the the end effector of the robot in Cartesian Space with a certain
velocity.




Singular Configurations

For most manipulators there exist values of q where the Jacobian gets singular.
Singularity

det J = 0 = J is not invertible

Such configurations are called singularities of the manipulator.
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Singularities

From the Task Space perspective:
» reduce the degree of freedom in velocity domain in task space
From the Joint Space perspective:
» Infinite solutions to the inverse kinematics problem may exist

» Near the singularity, small velocities in operational space may cause large velocities
in the joint space.
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Singularities (cont.)

Two Main types of Singularities:

» Workspace boundary singularities occur when the manipulator is fully stretched
out or folded back on itself in such a way that the end-effector is at or very near
the boundary of the workspace.

» Workspace internal singularities occur away from the workspace boundary; they
generally are caused by a lining up of two or more joint axes
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Singular Configurations — Workarounds

N =6 For fully actuated robots, the Jacobian (6 x 6) is invertible

0
0X(mx1) = Jmxm0Q(nx1) where Jy(q) = a—qui(q)

» m is number of degree of freedom of the manipulator in the Cartesian space

» n is the number of joint variables of the manipulator
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Singular Configurations — Workarounds

N =6 For fully actuated robots, the Jacobian (6 x 6) is invertible

N < 6 Under actuated robots (6 x N)
= remove some spatial degrees of freedom, get a square Jacobian matrix.

Example:
To dx _ dql
Tod,| = S22 da

for a 2-joint planar manipulator
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Singular Configurations — Workarounds

Instantaneous Kinematics - Singular Configurations Introduction to Robotics

N = 6 For fully actuated robots, the Jacobians (6 x 6) are invertible
N < 6 Under actuated robots (6 x N)

= remove some spatial degrees of freedom
N > 6 Over actuated robots (6 x N)

> have spare joints
> use the pseudoinverse of J

g=J(q)"v (34)
Jr=uTnH " (35)
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UR5 example

Instantaneous Kinematics - Singular Configurations Introduction to Robotics

Bhttps:/ /www.youtube.com /watch?v=6Wmw4IUHIX8
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https://www.youtube.com/watch?v=6Wmw4lUHlX8 
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